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ÊÂÀÄÐÀÒÈ×ÍÛÅ ÔÎÐÌÛ

Îïðåäåëåíèå 1. Îäíîðîäíûé ìíîãî÷ëåí âòîðîé ñòåïåíè îò n ïåðåìåííûõ
x1, x2, . . . xn ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè

f(x1, x2, . . . xn) =
n∑

i=1

aiix
2
i + 2

∑
1≤i<j≤n

aijxixj (1)

íàçûâàþò êâàäðàòè÷íîé ôîðìîé.
Åñëè (x1, x2, . . . xn) íàçâàòü êîîðäèíàòàìè âåêòîðà ~x â íåêîòîðîì áàçèñå

è èç êîýôôèöèåíòîâ êâàäðàòè÷íîé ôîðìû aij ñîñòàâèòü ìàòðèöó

A =

 a11 . . . a1n

. . . . . . . . .
an1 . . . ann

 ,

òî êâàäðàòè÷íóþ ôîðìó ìîæíî çàïèñàòü â ìàòðè÷íîì âèäå

f(x1, . . . xn) = ~xT · A · ~x, ãäå ~x = (x1, . . . xn)T . (2)

Ñèììåòðè÷åñêóþ ìàòðèöó A ïîðÿäêà n íàçûâàþò ìàòðèöåé êâàäðàòè÷íîé
ôîðìû (1).

Ðàíã ìàòðèöûA íàçûâàþò ðàíãîì êâàäðàòè÷íîé ôîðìû. Åñëè Rang A =
n, òî êâàäðàòè÷íóþ ôîðìó íàçûâàþò íåâûðîæäåííîé, à åñëè Rang A < n,
òî å�å íàçûâàþò âûðîæäåííîé.

Â ñëó÷àå n = 2 (ïëîñêîñòü), èìåÿ a12 = a21, ïîëó÷èì

f(x1, x2) = (x1, x2)

(
a11 a12

a21 a22

) (
x1

x2

)
= a11x

2
1 + a22x

2
2 + 2a12x1x2.

Â ñëó÷àå n = 3 (òð�åõìåðíîå ïðîñòðàíñòâî), èìåÿ a12 = a21, a13 = a31,
a23 = a32, ïîëó÷èì

f(x1, x2, x3) = (x1, x2, x3)

 a11 a12 a13

a21 a22 a23

a31 a32 a33

  x1

x2

x3

 =

= a11x
2
1 + a22x

2
2 + a33x

2
3 + 2a12x1x2 + 2a13x1x3 + 2a23x2x3.
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ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ ÊÂÀÄÐÀÒÈ×ÍÎÉ ÔÎÐÌÛ

Ïóñòü êâàäðàòè÷íàÿ ôîðìà f(x1, x2, . . . xn) = ~xT
e · A · ~xe îïðåäåëÿåò

ôóíêöèþ f(~x), çàäàííóþ ÷åðåç êîîðäèíàòû âåêòîðà ~xe = (x1, x2, . . . xn)T â
íåêîòîðîì áàçèñå {e} = ~e1, ~e2, . . . ~en. Íàéä�åì ïðåäñòàâëåíèå ôóíêöèè f(~x)

â íåêîòîðîì äðóãîì áàçèñå {e′} = ~e′1,
~e′2, . . . ~e′n. Åñëè P � ìàòðèöà ïåðåõîäà

îò áàçèñà {e} ê áàçèñó {e′}, òîãäà ~xe = P · ~xe′ , è ôóíêöèÿ f(~x) â íîâîì
áàçèñå áóäåò âûðàæàòüñÿ ÷åðåç íîâûå êîîðäèíàòû âåêòîðà ~x ñëåäóþùèì
îáðàçîì:

~xT
e · A · ~xe = (P · ~xe′)T · A · (P · ~xe′) = ~xT

e′

(
P T · A · P

)
~xe′ .

Çäåñü P T · A · P = A′ � ìàòðèöà êâàäðàòè÷íîé ôîðìû â íîâîì áàçèñå e′.
Èòàê,

f(~x) = ~xT
e · A · ~xe = ~xT

e′ · A′ · ~xe′ (3)

Îïðåäåëåíèå 2. Êâàäðàòè÷íàÿ ôîðìà èìååò êàíîíè÷åñêèé âèä, åñëè îíà
ñîäåðæèò òîëüêî êâàäðàòû ïåðåìåííûõ x1, . . . xn:

f(~x) = α1x
2
1 + α2x

2
2 + . . . + αnx

2
n, (4)

ò. å. åñëè å�å ìàòðèöà

A =


α1 0 . . . 0
0 α2 . . . 0
. . . . . . . . . . . .
0 0 . . . αn


äèàãîíàëüíà.

Åñëè â êàíîíè÷åñêîì âèäå (4) êîýôôèöèåíòû αi ðàâíû ±1 èëè 0, òî
ãîâîðÿò, ÷òî êâàäðàòè÷íàÿ ôîðìà ïðèâåäåíà ê íîðìàëüíîìó êàíîíè÷åñêîìó
âèäó.

Ïóñòü ñòàðûé áàçèñ {e} è íîâûé áàçèñ {e′} îðòîíîðìèðîâàííûå, òîãäà
ìàòðèöà ïåðåõîäà îò {e} ê {e′} ÿâëÿåòñÿ îðòîãîíàëüíîé, è ïðåîáðàçîâàíèå
ñ ýòîé ìàòðèöåé áóäåò îðòîãîíàëüíûì. Ëþáóþ êâàäðàòè÷íóþ ôîðìó îðòîãîíàëüíûì
ïðåîáðàçîâàíèåì ìîæíî ïðèâåñòè ê êàíîíè÷åñêîìó âèäó.

Èòàê, òðåáóåòñÿ îðòîãîíàëüíûì ïðåîáðàçîâàíèåì ïðèâåñòè êâàäðàòè÷íóþ
ôîðìó f(~x) = ~xT · A · ~x ê êàíîíè÷åñêîìó âèäó è óêàçàòü ìàòðèöó ýòîãî
îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ. Äëÿ ýòîãî íåîáõîäèìî:
1. Íàéòè ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A.
2.Äëÿ êàæäîãî ñîáñòâåííîãî çíà÷åíèÿ íàéòè ñîîòâåòñòâóþùèé ñîáñòâåííûé
âåêòîð. Âñå ñîáñòâåííûå âåêòîðû äîëæíû áûòü ïîïàðíî îðòîãîíàëüíûìè,
à èõ êîëè÷åñòâî äîëæíî áûòü ðàâíî êîëè÷åñòâó ñîáñòâåííûõ çíà÷åíèé,
ó÷èòûâàÿ èõ êðàòíîñòü.
3. Âûïèñàòü ìàòðèöó P , ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ êîîðäèíàòû ýòèõ
ñîáñòâåííûõ âåêòîðîâ. Òàê êàê ñèñòåìà ñîáñòâåííûõ âåêòîðîâ îðòîíîðìèðîâàíà
(îðòîíîðìèðîâàííûé áàçèñ), òî ìàòðèöà P áóäåò îðòîãîíàëüíîé.
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Ðàññìîòðèì ýòè ïóíêòû ïîäðîáíåå.
1. Íàõîäèì ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A. Äëÿ ýòîãî ñîñòàâëÿåì å�å
õàðàêòåðèñòè÷åñêîå óðàâíåíèå det (A− λE) = 0 è èùåì åãî êîðíè. Ïîñêîëüêó
ìàòðèöà A ñèììåòðè÷íà, òî âñå å�å n (ñ ó÷�åòîì êðàòíîñòè) ñîáñòâåííûõ
çíà÷åíèé � äåéñòâèòåëüíûå ÷èñëà. Çàïèøåì èõ â äèàãîíàëüíóþ ìàòðèöó:

Λ =


λ1 0 . . . 0
0 λ2 . . . 0
. . . . . . . . . . . .
0 0 . . . λn


Òàêèì îáðàçîì, êàíîíè÷åñêèé âèä êâàäðàòè÷íîé ôîðìû:

f(~y) = λ1y
2
1 + λ2y

2
2 + . . . + λny

2
n, ãäå ~y = (y1, y2, . . . yn)T .

2. Íàõîäèì ñîáñòâåííûå âåêòîðû, îòâå÷àþùèå ñîáñòâåííûì çíà÷åíèÿì
λi, èç îäíîðîäíîãî óðàâíåíèÿ (A − λiE)~x = 0. Ðàçëè÷íûì ñîáñòâåííûì
çíà÷åíèÿì λi 6= λj ñîîòâåòñòâóþò îðòîãîíàëüíûå ñîáñòâåííûå âåêòîðû
~vi ⊥ ~vj. Ïðè êðàòíûõ çíà÷åíèÿõ λk = . . . = λm èç ìíîæåñòâà ñîáñòâåííûõ
âåêòîðîâ ñòðîèì ñèñòåìó ïîïàðíî îðòîãîíàëüíûõ ñîáñòâåííûõ âåêòîðîâ
~vk, . . . ~vm (íàïðèìåð, ïðèìåíèâ ïðîöåäóðó îðòîãîíàëèçàöèè Ãðàìà�Øìèäòà).
3.Ïîëó÷åííóþ ñèñòåìó ïîïàðíî îðòîãîíàëüíûõ ñîáñòâåííûõ âåêòîðîâ íîðìèðóåì,
ïîëîæèâ

~e′1 =
1

|~v1|
~v1; ~e′2 =

1

|~v2|
~v2; . . . ~e′n =

1

|~vn|
~vn.

Ñîñòàâëÿåì èç ñòîëáöîâ�âåêòîðîâ îðòîíîðìèðîâàííîãî áàçèñà ~e′1,
~e′2, . . . ~e′n

ìàòðèöó îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ P , êîòîðîé ñîîòâåòñòâóåò ëèíåéíàÿ
çàìåíà ïåðåìåííûõ ~x = P · ~y.
Ïðèìåð 1. Ïðèâåñòè êâàäðàòè÷íóþ ôîðìó f(x1, x2) = 3x2

1 + 2x1x2 + 3x2
2

ê êàíîíè÷åñêîìó âèäó. Óêàçàòü ìàòðèöó îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ.

Ðåøåíèå. Êâàäðàòè÷íàÿ ôîðìà èìååò âèä

f(x1, x2) = (x1, x2) · A ·
(

x1

x2

)
, ãäå A =

(
3 1
1 3

)
.

1. Ñîñòàâëÿåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

det(A− λE) =

∣∣∣∣ 3− λ 1
1 3− λ

∣∣∣∣ = λ2 − 6λ + 8 = 0.

Åãî êîðíè λ1 = 2, λ2 = 4. Çàïèøåì

Λ =

(
2 0
0 4

)
.

Êàíîíè÷åñêèé âèä êâàäðàòè÷íîé ôîðìû: f(y1, y2) = 2y2
1 + 4y2

2.
2.Íàéä�åì ñîáñòâåííûå âåêòîðû, îòâå÷àþùèå ñîáñòâåííûì çíà÷åíèÿì λ1 =
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2, λ2 = 4, èç îäíîðîäíûõ óðàâíåíèé (A− λiE)~vi = 0.

Äëÿ λ1 = 2 èìååì
(

1 1
1 1

) (
x1

x2

)
=

(
0
0

)
=⇒

{
x1 + x2 = 0
x1 + x2 = 0

=⇒

x1 = −x2 =⇒ ~v1 =

(
1
−1

)
� ñîáñòâåííûé âåêòîð, îòâå÷àþùèé ñîáñòâåííîìó

çíà÷åíèþ λ1 = 2.

Äëÿ λ2 = 4 èìååì
(
−1 1
1 −1

) (
x1

x2

)
=

(
0
0

)
=⇒

{
−x1 + x2 = 0

x1 − x2 = 0
=⇒

x1 = x2 =⇒ ~v2 =

(
1
1

)
� ñîáñòâåííûé âåêòîð, îòâå÷àþùèé ñîáñòâåííîìó

çíà÷åíèþ λ2 = 4.
Äëèíû íàéäåíûõ âåêòîðîâ ðàâíû |~v1| =

√
2, |~v2| =

√
2.

3. Óáåäèâøèñü, ÷òî ~v1 ⊥ ~v2, íîðìèðóåì ýòó ñèñòåìó âåêòîðîâ, ïîëîæèâ

~e′1 =
1√
2

(
1
−1

)
; ~e′2 =

1√
2

(
1
1

)
.

Ñîñòàâèì ìàòðèöó îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ èç ñòîëáöîâ�âåêòîðîâ
îðòîíîðìèðîâàííîãî áàçèñà ~e′1, ~e′2:

P =
1√
2

(
1 1
−1 1

)
.

Áàçèñ ~e′1, ~e′2 � îðòîíîðìèðîâàííûé; ïîñêîëüêó detP = +1, áàçèñ ïðàâèëüíî
îðèåíòèðîâàí (ïðàâàÿ ïàðà).

Ïðèìåð 2. Ïðèâåñòè êâàäðàòè÷íóþ ôîðìó f(x1, x2, x3) = 3x2
1 + 2x2

2 +

x2
3+4x1x2−4x2x3 ê êàíîíè÷åñêîìó âèäó. Óêàçàòü ìàòðèöó îðòîãîíàëüíîãî
ïðåîáðàçîâàíèÿ.

Ðåøåíèå. Êâàäðàòè÷íàÿ ôîðìà èìååò âèä

f(~x) = (x1, x2, x3) · A ·

 x1

x2

x3

 , ãäå A =

 3 2 0
2 2 −2
0 −2 1

 .

1. Ñîñòàâëÿåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

det(A− λE) =

∣∣∣∣∣∣
3− λ 2 0

2 2− λ −2
0 −2 1− λ

∣∣∣∣∣∣ = −λ3 + 6λ2 − 3λ− 10 = 0

Ýòî óðàâíåíèå òðåòüåé ñòåïåíè, è òàê êàê åãî êîýôôèöèåíòû � öåëûå
÷èñëà, òî öåëîå ÷èñëî ìîæåò áûòü åãî êîðíåì ëèøü â ñëó÷àå, åñëè îíî
äåëèòåëü ñâîáîäíîãî ÷ëåíà, ïîýòîìó èùåì êîðíè ñðåäè ÷èñåë ±1, ±2,
±5, ±10. Ïîäñòàíîâêîé óáåæäàåìñÿ, ÷òî λ1 = −1. Ìíîãî÷ëåí äîëæåí áåç
îñòàòêà äåëèòüñÿ íà λ− λ1 = λ + 1. Äåëèì:

−λ3 + 6λ2 − 3λ− 10 = (−λ3 − λ2) + (7λ2 + 7λ) + (−10λ− 10) =
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= −λ2(λ + 1) + 7λ(λ + 1)− 10(λ + 1) = (−λ2 + 7λ− 10)(λ + 1),

îòêóäà λ2 = 2, λ3 = 5. Çàïèøåì

Λ =

 −1 0 0
0 2 0
0 0 5

 .

Êàíîíè÷åñêèé âèä êâàäðàòè÷íîé ôîðìû f(y1, y2, y3) = −y2
1 + 2y2

2 + 5y2
3.

2.Íàéä�åì ñîáñòâåííûå âåêòîðû, îòâå÷àþùèå ñîáñòâåííûì çíà÷åíèÿì λ1 =
−1, λ2 = 2, λ3 = 5, èç îäíîðîäíûõ óðàâíåíèé (A− λiE)~vi = 0.

Äëÿ λ1 = −1 èìååì 4 2 0
2 3 −2
0 −2 2

  x1

x2

x3

 =

 0
0
0

 =⇒

 4x1 +2x2 = 0
2x1 +3x2 −2x3 = 0

−2x2 +2x3 = 0
Ýòî îäíîðîäíàÿ ñèñòåìà òð�åõ óðàâíåíèé ñ òðåìÿ íåèçâåñòíûìè, å�å îïðåäåëèòåëü
det(A − λ1E) = 0, ïîýòîìó ðàíã ìàòðèöû ñèñòåìû ìåíüøå 3. Òàê êàê

áàçèñíûé ìèíîð
∣∣∣∣ 4 2

2 3

∣∣∣∣ 6= 0, ðàíã ðàâåí 2. Îñòàâëÿåì ïåðâûå äâà óðàâíåíèÿ

è ïîëó÷àåì îäíî ôóíäàìåíòàëüíîå ðåøåíèå x1 = −1, x2 = 2, x3 = 2. Òàêèì
îáðàçîì, ñîáñòâåííîìó çíà÷åíèþ λ1 = −1 îòâå÷àåò ñîáñòâåííûé âåêòîð

~v1 =

 −1
2
2

.

Äëÿ λ2 = 2 èìååì 1 2 0
2 0 −2
0 −2 −1

  x1

x2

x3

 =

 0
0
0

 =⇒

 x1 +2x2 = 0
2x1 −2x3 = 0

−2x2 −x3 = 0
Ýòî îäíîðîäíàÿ ñèñòåìà òð�åõ óðàâíåíèé ñ òðåìÿ íåèçâåñòíûìè, å�å îïðåäåëèòåëü
det(A − λ2E) = 0, ïîýòîìó ðàíã ìàòðèöû ñèñòåìû ìåíüøå 3. Òàê êàê

áàçèñíûé ìèíîð
∣∣∣∣ 1 2

2 0

∣∣∣∣ 6= 0, ðàíã ðàâåí 2. Îñòàâëÿåì ïåðâûå äâà óðàâíåíèÿ

è ïîëó÷àåì îäíî ôóíäàìåíòàëüíîå ðåøåíèå x1 = 2, x2 = −1, x3 = 2. Òàêèì
îáðàçîì, ñîáñòâåííîìó çíà÷åíèþ λ2 = 2 îòâå÷àåò ñîáñòâåííûé âåêòîð

~v2 =

 2
−1
2

.

Äëÿ λ3 = 5 àíàëîãè÷íî ïîëó÷àåì ñîáñòâåííûé âåêòîð ~v3 =

 2
2
−1

.

Äëèíû ïîëó÷åííûõ âåêòîðîâ ðàâíû |~v1| = 3; |~v2| = 3; |~v3| = 3.
3. Òàê êàê ñîáñòâåííûå çíà÷åíèÿ λ1 = −1, λ2 = 2, λ3 = 5 ðàçëè÷íû,

òî îòâå÷àþùèå èì ñîáñòâåííûå âåêòîðû ~v1 =

 −1
2
2

, ~v2 =

 2
−1
2

,
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~v3 =

 2
2
−1

 ïîïàðíî îðòîãîíàëüíû. Íîðìèðóåì ýòó ñèñòåìó âåêòîðîâ,

ïîëîæèâ

~e′1 =
1

3

 −1
2
2

 ; ~e′2 =
1

3

 2
−1
2

 ; ~e′3 =
1

3

 2
2
−1

 .

Ñîñòàâèì èç ñòîëáöîâ�âåêòîðîâ îðòîíîðìèðîâàííîãî áàçèñà ~e′1, ~e′2, ~e′3 ìàòðèöó
îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ

P =
1

3

 −1 2 2
2 −1 2
2 2 −1

 ,

êîòîðîé ñîîòâåòñòâóåò ëèíåéíàÿ çàìåíà ïåðåìåííûõ ~x = P ·~y. Áàçèñ ~e′1, ~e′2,
~e′3 � îðòîíîðìèðîâàííûé, è detP = +1 � áàçèñ ïðàâèëüíî îðèåíòèðîâàí
(ïðàâàÿ òðîéêà).

Ïðèìåð 3. Ïðèâåñòè êâàäðàòè÷íóþ ôîðìó f(x1, x2, x3) = 4x2
1 +4x2

2 +x2
3 +

8x1x2−4x1x3−4x2x3 ê êàíîíè÷åñêîìó âèäó. Óêàçàòü ìàòðèöó îðòîãîíàëüíîãî
ïðåîáðàçîâàíèÿ.

Ðåøåíèå. Êâàäðàòè÷íàÿ ôîðìà èìååò âèä

f(~x) = (x1, x2, x3) · A ·

 x1

x2

x3

 , ãäå A =

 4 4 −2
4 4 −2
−2 −2 1

 .

1. Ñîñòàâëÿåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

det (A− λE) =

∣∣∣∣∣∣
4− λ 4 −2

4 4− λ −2
−2 −2 1− λ

∣∣∣∣∣∣ = −λ3+9λ2 = 0 =⇒ λ1 = 9; λ2 = λ3 = 0.

Çàïèøåì Λ =

 9 0 0
0 0 0
0 0 0

.

Êàíîíè÷åñêèé âèä êâàäðàòè÷íîé ôîðìû f(y1, y2, y3) = 9y2
1.

2.Íàéä�åì ñîáñòâåííûå âåêòîðû, îòâå÷àþùèå ñîáñòâåííûì çíà÷åíèÿì λ1 =
9, λ2 = λ3 = 0, èç îäíîðîäíûõ óðàâíåíèé (A− λiE)~vi = 0.
Äëÿ λ1 = 9 èìååì −5 4 −2

4 −5 −2
−2 −2 −8

  x1

x2

x3

 =

 0
0
0

 =⇒

 −5x1 + 4x2 − 2x3 = 0
4x1 − 5x2 − 2x3 = 0

−2x1 − 2x2 − 8x3 = 0

Ýòî îäíîðîäíàÿ ñèñòåìà òð�åõ óðàâíåíèé ñ òðåìÿ íåèçâåñòíûìè, å�å îïðåäåëèòåëü
det(A − λ1E) = 0, ïîýòîìó ðàíã ìàòðèöû ñèñòåìû ìåíüøå 3. Òàê êàê
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áàçèñíûé ìèíîð
∣∣∣∣ −5 4

4 −5

∣∣∣∣ 6= 0, ðàíã ðàâåí 2. Îñòàâëÿåì ïåðâûå äâà

óðàâíåíèÿ è ïîëó÷àåì îäíî ôóíäàìåíòàëüíîå ðåøåíèå x1 = 2, x2 = 2, x3 =
−1. Òàêèì îáðàçîì, ñîáñòâåííîìó çíà÷åíèþ λ1 = 9 îòâå÷àåò ñîáñòâåííûé

âåêòîð ~v1 =

 2
2
−1

.

Äëÿ λ2 = λ3 = 0 èìååì 4 4 −2
4 4 −2
−2 −2 1

  x1

x2

x3

 =

 0
0
0

 =⇒

 4x1 + 4x2 − 2x3 = 0
4x1 + 4x2 − 2x3 = 0
−2x1 − 2x2 + x3 = 0

Ðàíã ìàòðèöû ýòîé ñèñòåìû ðàâåí 1. Îñòàâèâ îäíî òðåòüå óðàâíåíèå, èìååì

x3 = 2x1+2x2, è îáùåå ðåøåíèå ýòîé ñèñòåìû ~x =

 x1

x2

2x1 + 2x2

. Óáåäèìñÿ,

÷òî ïðè ëþáûõ x1, x2, íå ðàâíûõ íóëþ îäíîâðåìåííî, ýòîò âåêòîð îðòîãîíàëåí
âåêòîðó ~v1. Äåéñòâèòåëüíî, ~v1 ·~x = 2x1+2x2−(2x1+2x2) = 0. Èç ìíîæåñòâà

ñîáñòâåííûõ âåêòîðîâ ~x =

 x1

x2

2x1 + 2x2

 âûáåðåì ~v2, ïîëàãàÿ x1 = 1, x2 =

0 (x1, x2 � íåçàâèñèìûå ïåðåìåííûå), x3 = 2x1 + 2x2 = 2. Òàêèì îáðàçîì,

äëÿ ñîáñòâåííîãî çíà÷åíèÿ λ2 = 0 íàéäåí ñîáñòâåííûé âåêòîð ~v2 =

 1
0
2

.

Îñòàëîñü èç ìíîæåñòâà ñîáñòâåííûõ âåêòîðîâ ~x =

 x1

x2

2x1 + 2x2

 âûáðàòü

~v3, îòâå÷àþùèé ñîáñòâåííîìó çíà÷åíèþ λ3 = 0, òàê, ÷òîáû ~v3 ⊥ ~v2, ò. å.

~v3 · ~v2 = 0 =⇒ x1 + 2(2x1 + 2x2) = 0 =⇒ 5x1 = −4x2.

Ïîëàãàÿ x1 = 4, ïîëó÷èì x2 = −5 è x3 = 2x1 + 2x2 = −2. Òàêèì îáðàçîì,

~v3 =

 4
−5
−2

. Íîðìèðóÿ ïîëó÷åííóþ ñèñòåìó ïîïàðíî îðòîãîíàëüíûõ

ñîáñòâåííûõ âåêòîðîâ, ïîëó÷àåì

~e′1 =
1

3

 2
2
−1

 ; ~e′2 =
1√
5

 1
0
2

 ; ~e′3 =
1

3
√

5

 4
−5
−2


Ñîñòàâèì èç ñòîëáöîâ�âåêòîðîâ îðòîíîðìèðîâàííîãî áàçèñà ~e′1, ~e′2, ~e′3 ìàòðèöó
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îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ

P =
1

3
√

5

 2
√

5 3 4

2
√

5 0 −5

−
√

5 6 −2

 ,

êîòîðîé ñîîòâåòñòâóåò ëèíåéíàÿ çàìåíà ïåðåìåííûõ ~x = P · ~y.
Áàçèñ ~e′1, ~e′2, ~e′3 � îðòîíîðìèðîâàííûé; detP = +1� ïðàâèëüíî îðèåíòèðîâàííûé
(ïðàâàÿ òðîéêà).
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ÇÀÄÀ×È ÄËß ÑÀÌÎÑÒÎßÒÅËÜÍÎÉ ÐÀÁÎÒÛ

Îðòîãîíàëüíûì ïðåîáðàçîâàíèåì ïðèâåñòè êâàäðàòè÷íóþ ôîðìó ê êàíîíè÷åñêîìó
âèäó è çàïèñàòü ìàòðèöó îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ.

1.
f(x1, x2) = 3x2

1 + 4x1x2

2.
f(x1, x2) = 9x2

1 + 6x2
2 − 4x1x2

3.
f(x1, x2) = x2

1 + 4x2
2 + 4x1x2

4.
f(x1, x2, x3) = 2x2

1 + 2x2
2 + 2x2

3 − 2x1x3

5.
f(x1, x2, x3) = 3x2

3 + 8x1x2 + 4x1x3 − 4x2x3

6.
f(x1, x2, x3) = 2x1x2 + 2x2x3

Oòâåòû
1.

f(y1, y2) = −y2
1 + 4y2

2 P =
1√
5

(
1 2
−2 1

)
2.

f(y1, y2) = 5y2
1 + 10y2

2 P =
1√
5

(
1 −2
2 1

)
3.

f(y1, y2) = 5y2
2 P =

1√
5

(
2 1
−1 2

)
4.

f(y1, y2, y3) = y2
1 + 2y2

2 + 3y2
3 P =

1√
2

 1 0 −1

0
√

2 0
1 0 1


5.

f(y1, y2, y3) = 4y2
1 + 4y2

2 − 5y2
3 P =

1

3

 1 2 2
2 1 −2
−2 2 −1


6.

f(y1, y2, y3) =
√

2 x2
1 −

√
2 x2

2 P =
1

2

 1 1
√

2√
2 −

√
2 0

1 1 −
√

2


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ÈÑÑËÅÄÎÂÀÍÈÅ ÊÐÈÂÛÕ È ÏÎÂÅÐÕÍÎÑÒÅÉ
ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

Ñ ÏÎÌÎÙÜÞ ÊÂÀÄÐÀÒÈ×ÍÛÕ ÔÎÐÌ

Îáùåå óðàâíåíèå ïîâåðõíîñòè âòîðîãî ïîðÿäêà:

a11x
2+a22y

2+a33z
2+2a12xy+2a13xz+2a23yz+2b1x+2b2y+2b3z+c = 0 (5)

Ñóììà a11x
2 + a22y

2 + a33z
2 + 2a12xy + 2a13xz + 2a23yz = f(x, y, z) îáðàçóåò

êâàäðàòè÷íóþ ôîðìó, êîòîðàÿ îðòîãîíàëüíûì ïðåîáðàçîâàíèåì ïðèâîäèòñÿ
ê êàíîíè÷åñêîìó âèäó. Ñòîëáöû ìàòðèöû P =

(
~e′1,

~e′2,
~e′3

)
ýòîãî îðòîãîíàëüíîãî

ïðåîáðàçîâàíèÿ îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ ~e′1,
~e′2,

~e′3 è ÿâëÿþòñÿ
ñîáñòâåííûìè âåêòîðàìè ñèììåòðè÷åñêîé ìàòðèöû

A =

 a11 a12 a13

a12 a22 a23

a13 a23 a33


êâàäðàòè÷íîé ôîðìû f(x, y, z).

Ìàòðèöà P ïåðåõîäà îò ñòàðîãî îðòîíîðìèðîâàííîãî áàçèñà ê íîâîìó
îðòîíîðìèðîâàííîìó áàçèñó ~e′1,

~e′2,
~e′3 ÿâëÿåòñÿ îðòîãîíàëüíîé è det P =

+1 (ýòî ìîæíî ñäåëàòü âñåãäà, èçìåíèâ íàïðàâëåíèå îäíîãî ñîáñòâåííîãî
âåêòîðà íà ïðîòèâîïîëîæíîå). Ñëåäîâàòåëüíî, ñóùåñòâóåò òàêîé ïîâîðîò
èñõîäíîé ñèñòåìû êîîðäèíàò, ÷òî â íîâîé ñèñòåìå êîîðäèíàò êâàäðàòè÷íàÿ
ôîðìà â íîâûõ ïåðåìåííûõ áóäåò èìåòü êàíîíè÷åñêèé âèä.

Ïóñòü x′, y′, z′ � íîâûå êîîðäèíàòû, â êîòîðûõ êâàäðàòè÷íàÿ ôîðìà
èìååò êàíîíè÷åñêèé âèä. Ïîäñòàâèâ â óðàâíåíèå (5) x

y
z

 = P ·

 x′

y′

z′


ïîëó÷èì óðàâíåíèå ïîâåðõíîñòè â íîâîì áàçèñå:

λ1x
′2 + λ2y

′2 + λ3z
′2 + 2d1x

′ + 2d2y
′ + 2d3z

′ + c = 0 (6)

Çäåñü âîçìîæíû ñëåäóþùèå ñëó÷àè ïðè i = 1, 2, 3:
1) λi = 0, di = 0, òîãäà â óðàâíåíèè (6) îòñóòñòâóåò i-àÿ ïåðåìåííàÿ, è

óðàâíåíèå îïðåäåëÿåò öèëèíäðè÷åñêóþ ïîâåðõíîñòü. Åñëè, íàïðèìåð, λ3 =
d3 = 0, òî λ1x

′2 +λ2y
′2 +2d1x

′+2d2y
′+c = 0 åñòü óðàâíåíèå êðèâîé âòîðîãî

ïîðÿäêà, ÿâëÿþùåéñÿ íàïðàâëÿþùåé äàííîé öèëèíäðè÷åñêîé ïîâåðõíîñòè.
2) λi = 0, di 6= 0. Ïóñòü, íàïðèìåð, λ3 = 0, d3 6= 0. Òîãäà, âûäåëèâ

ïîëíûå êâàäðàòû, ïîëó÷èì

λ1

(
x′ +

d1

λ1

)2

+ λ2

(
y′ +

d2

λ2

)2

+ 2d3z
′ + c1 = 0.
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Ñäåëàåì ïàðàëëåëüíûé ïåðåíîñ ñèñòåìû êîîðäèíàò:
x′ + d1

λ1
= X

y′ + d2

λ2
= Y

z′ + c1
2d3

= Z

Óðàâíåíèå ïîâåðõíîñòè âòîðîãî ïîðÿäêà ïðèìåò âèä:

λ1X
2 + λ2Y

2 = −2d3Z.

3) λi 6= 0 ïðè âñåõ i = 1, 2, 3. Òîãäà, âûäåëèâ ïîëíûå êâàäðàòû, ïîëó÷èì:

λ1

(
x′ +

d1

λ1

)2

+ λ2

(
y′ +

d2

λ2

)2

+ λ3

(
z′ +

d3

λ3

)2

+ c1 = 0.

Ñäåëàåì ïàðàëëåëüíûé ïåðåíîñ ñèñòåìû êîîðäèíàò:
x′ + d1

λ1
= X

y′ + d2

λ2
= Y

z′ + d3

λ3
= Z

Óðàâíåíèå ïîâåðõíîñòè âòîðîãî ïîðÿäêà ïðèìåò âèä:

λ1X
2 + λ2Y

2 + λ3Z
2 + c1 = 0.

Ïðèäàâàÿ êîýôôèöèåíòàì ðàçëè÷íûå çíà÷åíèÿ è ââîäÿ ñòàíäàðòíûå
îáîçíà÷åíèÿ, ïîëó÷èì ñëåäóþùèå ïîâåðõíîñòè âòîðîãî ïîðÿäêà:

1.
X2

a2
+

Y 2

b2
+

Z2

c2
= 1 −

ýëëèïñîèä (λ1 > 0, λ2 > 0, λ3 > 0).

2.
X2

a2
+

Y 2

b2
− Z2

c2
= 1 −

îäíîïîëîñòíûé ãèïåðáîëîèä (λ1 > 0, λ2 > 0, λ3 < 0).

3.
X2

a2
+

Y 2

b2
− Z2

c2
= −1 −

äâóïîëîñòíûé ãèïåðáîëîèä (λ1 > 0, λ2 > 0, λ3 < 0).

4.
X2

a2
+

Y 2

b2
− Z2

c2
= 0 −

êîíóñ (λ1 > 0, λ2 > 0, λ3 < 0).

5.
X2

p
+

Y 2

q
= 2Z −

ýëëèïòè÷åñêèé ïàðàáîëîèä (λ1 > 0, λ2 > 0, λ3 = 0, d3 6= 0).
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6.
X2

p
− Y 2

q
= 2Z −

ãèïåðáîëè÷åñêèé ïàðàáîëîèä (λ1 > 0, λ2 < 0, λ3 = 0, d3 6= 0).

7.
X2

a2
+

Y 2

b2
= 1 −

ýëëèïòè÷åñêèé öèëèíäð (λ1 > 0, λ2 > 0, λ3 = d3 = 0).

8.
X2

a2
− Y 2

b2
= ±1 −

ãèïåðáîëè÷åñêèé öèëèíäð (λ1 > 0, λ2 < 0, λ3 = d3 = 0).

9.
X2

a2
− Y 2

b2
= 0 −

ïàðà ïåðåñåêàþùèõñÿ ïëîñêîñòåé (λ1 > 0, λ2 < 0, λ3 = d3 = 0).

10. X2 = 2pY −
ïàðàáîëè÷åñêèé öèëèíäð (λ1 6= 0, λ2 = 0, λ3 = d3 = 0).
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ÏÐÈÌÅÐÛ

Ïðèâåñòè óðàâíåíèå êðèâîé îðòîãîíàëüíûì ïðåîáðàçîâàíèåì ê êàíîíè÷åñêîìó
âèäó. Óêàçàòü ïðåîáðàçîâàíèå. Ïîñòðîèòü êðèâóþ è âñå èñïîëüçóåìûå ñèñòåìû
êîîðäèíàò.

Ïðèìåð 4.

7x2 + 2xy + 7y2 + 28
√

2 · x + 4
√

2 · y + 8 = 0.

Ðåøåíèå. Êâàäðàòè÷íàÿ ôîðìà f(x, y) = 7x2 + 2xy + 7y2, e�e ìàòðèöà �

A =

(
7 1
1 7

)
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ìàòðèöû:∣∣∣∣ 7− λ 1

1 7− λ

∣∣∣∣ = λ2 − 14λ + 48 = 0

èìååò êîðíè λ1 = 6, λ2 = 8. Íàõîäèì ñîáñòâåííûå âåêòîðû, îòâå÷àþùèå
ñîáñòâåííûì çíà÷åíèÿì λ1 = 6, λ2 = 8, èç óðàâíåíèÿ (A− λE)~x = ~0.
Ïðè λ1 = 6:(

1 1
1 1

) (
x1

x2

)
=

(
0
0

)
=⇒

{
x1 + x2 = 0
x1 + x2 = 0

=⇒
(

1
−1

)
− ñîáñòâåííûé

âåêòîð.

Ïðè λ2 = 8:(
−1 1
1 −1

) (
x1

x2

)
=

(
0
0

)
=⇒

{
x2 − x1 = 0
x1 − x2 = 0

=⇒
(

1
1

)
− ñîáñòâåííûé

âåêòîð.

Íîðìèðóåì, ïîëó÷àåì ~e′1 = 1√
2

(
1
−1

)
, ~e′2 = 1√

2

(
1
1

)
� îðòîãîíàëüíûå

âåêòîðû, îòâå÷àþùèå ðàçíûì ñîáñòâåííûì ÷èñëàì. Ìàòðèöà îðòîãîíàëüíîãî
ïðåîáðàçîâàíèÿ

P =
1√
2

(
1 1
−1 1

)
, det P = +1.

Ïîñêîëüêó îðòîãîíàëüíîå ïðåîáðàçîâàíèå ñîõðàíÿåò îðèåíòàöèþ, îíî ÿâëÿåòñÿ
ïîâîðîòîì íà óãîë α, ãäå

P =

(
cos α − sin α
sin α cos α

)
;

{
cos α = 1/

√
2

sin α = −1/
√

2
=⇒ α = −π

4
.

Ýòîìó îðòîãîíàëüíîìó ïðåîáðàçîâàíèþ ñîîòâåòñòâóåò ëèíåéíàÿ çàìåíà
ïåðåìåííûõ(

x
y

)
=

1√
2

(
1 1
−1 1

) (
x′

y′

)
=⇒

{
x = 1√

2
(x′ + y′)

y = 1√
2
(−x′ + y′)
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Ïîäñòàâëÿåì ýòî â óðàâíåíèå êðèâîé:

7

2
(x′+y′)2 +

2

2
(x′+y′)(−x′+y′)+

7

2
(−x′+y′)2 +28(x′+y′)+4(−x′+y′)+8 =

= 6x′
2
+ 8y′

2
+ 24x′ + 32y′ + 8 = 6(x′ + 2)2 + 8(y′ + 2)2 − 48 = 0

è ïîëó÷àåì
(x′ + 2)2

8
+

(y′ + 2)2

6
= 1.

Äåëàåì ïàðàëëåëüíûé ïåðåíîñ

x′ + 2 = X; y′ + 2 = Y.

Ïîëó÷àåì êàíîíè÷åñêîå óðàâíåíèå ýëëèïñà:

X2

a2
+

Y 2

b2
= 1,

ãäå a =
√

8, b =
√

6, ñ öåíòðîì â òî÷êå O′, êîîðäèíàòû êîòîðîé òàêîâû:
O′(X = 0, Y = 0);
O′(x′ = −2, y′ = −2);
O′(x = −2

√
2, y = 0).

Ïîñòðîèì äåêàðòîâó ñèñòåìó êîîðäèíàò xOy íà âåêòîðàõ ~i è ~j. Äàëåå â

íåé ñòðîèì âåêòîðû ~e′1 = 1√
2

(
1
−1

)
è ~e′2 = 1√

2

(
1
1

)
, îíè îïðåäåëÿþò

íîâûå êîîðäèíàòíûå îñè Ox′ è Oy′. Â ýòîé ñèñòåìå ñòðîèì òî÷êó O′ c
êîîðäèíàòàìè x′ = −2, y′ = −2, êîòîðàÿ ÿâëÿåòñÿ íà÷àëîì ñèñòåìû êîîðäèíàò
XO′Y , ãäå îñü O′X ïàðàëëåëüíà îñè Ox′, à îñü O′Y ïàðàëëåëüíà îñè Oy′.

Ïðèìåð 5.

6x2 + 8xy − 4
√

5 · x− 8
√

5 · y − 26 = 0.

Ðåøåíèå. Êâàäðàòè÷íàÿ ôîðìà f(x, y) = 6x2 + 8xy, e�e ìàòðèöà �

A =

(
6 4
4 0

)
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ìàòðèöû:∣∣∣∣ 6− λ 4

4 −λ

∣∣∣∣ = λ2 − 6λ− 16 = 0

èìååò êîðíè λ1 = −2, λ2 = 8. Íàõîäèì ñîáñòâåííûå âåêòîðû, îòâå÷àþùèå
ñîáñòâåííûì çíà÷åíèÿì λ1 = −2, λ2 = 8, èç óðàâíåíèÿ (A− λE)~x = ~0.
Ïðè λ1 = −2:(

8 4
4 2

) (
x1

x2

)
=

(
0
0

)
=⇒

(
1
−2

)
� ñîáñòâåííûé âåêòîð.

15



Ïðè λ2 = 8:(
−2 4
4 −8

) (
x1

x2

)
=

(
0
0

)
=⇒

(
2
1

)
� ñîáñòâåííûé âåêòîð.

Òàê êàê ñîáñòâåííûå ÷èñëà ðàçëè÷íû, òî îòâå÷àþùèå èì ñîáñòâåííûå

âåêòîðû îðòîãîíàëüíû. Íîðìèðóåì, ïîëó÷àåì ~e′1 = 1√
5

(
1
−2

)
, ~e′2 = 1√

5

(
2
1

)
.

Ìàòðèöà îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ

P =
1√
5

(
1 2
−2 1

)
, det P = +1.

Ýòîìó îðòîãîíàëüíîìó ïðåîáðàçîâàíèþ ñîîòâåòñòâóåò ëèíåéíàÿ çàìåíà
ïåðåìåííûõ(

x
y

)
=

1√
5

(
1 2
−2 1

) (
x′

y′

)
=⇒

{
x = 1√

5
(x′ + 2y′)

y = 1√
5
(−2x′ + y′)

Ïîäñòàâëÿåì â óðàâíåíèå êðèâîé:

−2x′
2
+8y′

2−4(x′+2y′)−8(−2x′+y′)−26 = −2x′
2
+8y′

2
+12x′−16y′−26 =

= −2(x′ − 3)2 + 8(y′ − 1)2 − 16 = 0,

è ïîëó÷àåì
(x′ − 3)2

8
− (y′ − 1)2

2
= −1.

Äåëàåì ïàðàëëåëüíûé ïåðåíîñ

x′ − 3 = X; y′ − 1 = Y.

Ïîëó÷àåì êàíîíè÷åñêîå óðàâíåíèå ñîïðÿæ�åííîé ãèïåðáîëû:

X2

a2
− Y 2

b2
= −1,

ãäå a =
√

8, b =
√

2.
Ïîñòðîèì äåêàðòîâó ñèñòåìó êîîðäèíàò xOy íà âåêòîðàõ ~i è ~j. Äàëåå â

íåé ñòðîèì âåêòîðû ~e′1 = 1√
5

(
1
−2

)
è ~e′2 = 1√

5

(
2
1

)
, îíè îïðåäåëÿþò

íîâûå êîîðäèíàòíûå îñè Ox′ è Oy′. Â ýòîé ñèñòåìå ñòðîèì òî÷êó O′ c
êîîðäèíàòàìè x′ = 3, y′ = 1, êîòîðàÿ ÿâëÿåòñÿ íà÷àëîì ñèñòåìû êîîðäèíàò
XO′Y , ãäå îñü O′X ïàðàëëåëüíà îñè Ox′, à îñü O′Y ïàðàëëåëüíà îñè Oy′.

Ïðèìåð 6.

−16x2 − y2 + 8xy + 6
√

17 · x− 10
√

17 · y + 51 = 0.
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Ðåøåíèå. Êâàäðàòè÷íàÿ ôîðìà f(x, y) = −16x2− y2 + 8xy, e�e ìàòðèöà �

A =

(
−16 4
4 −1

)
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ìàòðèöû:∣∣∣∣ −16− λ 4

4 −1− λ

∣∣∣∣ = λ2 + 17λ = 0

èìååò êîðíè λ1 = −17, λ2 = 0. Íàõîäèì ñîáñòâåííûå âåêòîðû, îòâå÷àþùèå
ñîáñòâåííûì çíà÷åíèÿì λ1 = −17, λ2 = 0, èç óðàâíåíèÿ (A− λE)~x = ~0.
Ïðè λ1 = −17:(

1 4
4 16

) (
x1

x2

)
=

(
0
0

)
=⇒

(
4
−1

)
� ñîáñòâåííûé âåêòîð.

Ïðè λ2 = 0:(
−16 4
4 −1

) (
x1

x2

)
=

(
0
0

)
=⇒

(
1
4

)
� ñîáñòâåííûé âåêòîð.

Òàê êàê ñîáñòâåííûå ÷èñëà ðàçëè÷íû, òî îòâå÷àþùèå èì ñîáñòâåííûå

âåêòîðû îðòîãîíàëüíû. Íîðìèðóÿ, ïîëó÷àåì ~e′1 = 1√
17

(
4
−1

)
, ~e′2 = 1√

17

(
1
4

)
.

Ìàòðèöà îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ

P =
1√
17

(
4 1
−1 4

)
, det P = +1.

Ýòîìó îðòîãîíàëüíîìó ïðåîáðàçîâàíèþ ñîîòâåòñòâóåò ëèíåéíàÿ çàìåíà
ïåðåìåííûõ {

x = 1√
17

(4x′ + y′)

y = 1√
17

(−x′ + 4y′)

Ïîäñòàâëÿåì â óðàâíåíèå êðèâîé:

−17x′
2
+ 6(4x′ + y′)− 10(−x′ + 4y′) + 51 = −17x′

2
+ 34x′− 34y′ + 51 = 0 =⇒

(x′ − 1)2 = −2(y′ − 2).

Äåëàåì ïàðàëëåëüíûé ïåðåíîñ

x′ − 1 = X; y′ − 2 = Y.

Ïîëó÷àåì êàíîíè÷åñêîå óðàâíåíèå ïàðàáîëû: X2 = 2pY , ó êîòîðîé p = −1.
Ïîñòðîèì äåêàðòîâó ñèñòåìó êîîðäèíàò xOy íà âåêòîðàõ ~i è ~j. Äàëåå â

íåé ñòðîèì âåêòîðû ~e′1 = 1√
17

(
4
−1

)
è ~e′2 = 1√

17

(
1
4

)
, îíè îïðåäåëÿþò

íîâûå êîîðäèíàòíûå îñè Ox′ è Oy′. Â ýòîé ñèñòåìå ñòðîèì òî÷êó O′ c
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êîîðäèíàòàìè x′ = 1, y′ = 2, êîòîðàÿ ÿâëÿåòñÿ íà÷àëîì ñèñòåìû êîîðäèíàò
XO′Y , ãäå îñü O′X ïàðàëëåëüíà îñè Ox′, à îñü O′Y ïàðàëëåëüíà îñè Oy′.

Ïðèìåð 7. Ïðèâåñòè óðàâíåíèå ïîâåðõíîñòè îðòîãîíàëüíûì ïðåîáðàçîâàíèåì
ê êàíîíè÷åñêîìó âèäó. Óêàçàòü ïðåîáðàçîâàíèå ïåðåõîäà îò èñõîäíîé äåêàðòîâîé
ñèñòåìû êîîðäèíàòOxyz ê íîâîé ñèñòåìå êîîðäèíàòOx′y′z′. Ñäåëàòü ïàðàëëåëüíûé
ïåðåíîñ íà÷àëà êîîðäèíàò â òî÷êó O′. Ïîñòðîèòü ïîâåðõíîñòü â ñèñòåìå
êîîðäèíàò O′XY Z.

2x2 + 5y2 + 2z2 − 4xy + 8xz + 4yz + 18x + 36y + 36z +
243

2
= 0

Ðåøåíèå. Êâàäðàòè÷íàÿ ôîðìà äàííîé ïîâåðõíîñòè èìååò âèä
f(x, y, z) = 2x2 + 5y2 + 2z2 − 4xy + 8xz + 4yz.

E�e ìàòðèöà

A =

 2 −2 4
−2 5 2
4 2 2


Çàïèøåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå ìàòðèöû A:∣∣∣∣∣∣

2− λ −2 4
−2 5− λ 2
4 2 2− λ

∣∣∣∣∣∣ = −(λ3 − 9λ2 + 108) = 0.

Åãî êîðíè λ1 = −3, λ2 = λ3 = 6.
Íàõîäèì ñîáñòâåííûå âåêòîðû, îòâå÷àþùèå ñîáñòâåííûì çíà÷åíèÿì λ1 =

−3, λ2 = λ3 = 6, èç óðàâíåíèÿ (A− λE)~x = ~0.
Ïðè λ1 = −3 èìååì: 5 −2 4

−2 8 2
4 2 5

  x1

x2

x3

 =

 0
0
0

 =⇒

 5x1 − 2x2 + 4x3 = 0
−2x1 + 8x2 + 2x3 = 0

4x1 + 2x2 + 5x3 = 0

Ýòî ëèíåéíàÿ ñèñòåìà òð�åõ óðàâíåíèé ñ òðåìÿ íåèçâåñòíûìè, îïðåäåëèòåëü
å�å ìàòðèöû ðàâåí 0, ïîýòîìó ðàíã ìàòðèöû ìåíüøå 3, íî áàçèñíûé ìèíîð∣∣∣∣ 5 −2
−2 8

∣∣∣∣ 6= 0, ïîýòîìó ðàíã ìàòðèöû ðàâåí 2. Îñòàâëÿÿ ïåðâûå äâà

óðàâíåíèÿ è ïîëàãàÿ x1 = 2, ïîëó÷àåì x2 = 1, x3 = −2. Òàêèì îáðàçîì,

ñîáñòâåííîìó çíà÷åíèþ λ1 = −3 îòâå÷àåò ñîáñòâåííûé âåêòîð ~v1 =

 2
1
−2

.

Ïðè λ2 = λ3 = 6 èìååì: −4 −2 4
−2 −1 2
4 2 −4

  x1

x2

x3

 =

 0
0
0

 =⇒

 −4x1 −2x2 + 4x3 = 0
−2x1 −x2 + 2x3 = 0

4x1 +2x2 − 4x3 = 0
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Ðàíã ìàòðèöû ýòîé ñèñòåìû ðàâåí 1, ïîýòîìó ìîæíî îñòàâèòü îäíî óðàâíåíèå
x2 = −2x1 + 2x3, è îáùåå ðåøåíèå ýòîé ñèñòåìû x1

x2

x3

 =

 x1

−2x1 + 2x3

x3


Óáåäèìñÿ, ÷òî ïðè ëþáûõ x1, x3 ýòîò âåêòîð îðòîãîíàëåí âåêòîðó ~v1 = 2

1
−2

: cêàëÿðíîå ïðîèçâåäåíèå

 2
1
−2

 ·

 x1

−2x1 + 2x3

x3

 = 2x1 − 2x1 + 2x3 − 2x3 = 0.

Îñòà�åòñÿ èç ìíîæåñòâà âåêòîðîâ

 x1

−2x1 + 2x3

x3

 âûáðàòü äâà âçàèìíî

îðòîãîíàëüíûõ âåêòîðà. Ïðè x1 = 1 è x3 = 2 ïîëó÷àåì x2 = 2, è äëÿ
ñîáñòâåííîãî çíà÷åíèÿ λ2 = 6 ïîëó÷èì îòâå÷àþùèé åìó ñîáñòâåííûé âåêòîð

~v2 =

 1
2
2

, óæå îðòîãîíàëüíûé âåêòîðó ~v1 =

 2
1
−2

, îòâå÷àþùåìó

ñîáñòâåííîìó çíà÷åíèþ λ1 = −3. Òåïåðü èç ìíîæåñòâà ñîáñòâåííûõ âåêòîðîâ x1

−2x1 + 2x3

x3

 âûáåðåì âåêòîð ~v3 òàê, ÷òîáû ~v2 ⊥ ~v3, ò. e.

~v2 · ~v3 = x1 − 4x1 + 4x3 + 2x3 = −3x1 + 6x3 = 0 =⇒ x1 = 2x3.

Ïîëàãàÿ x3 = 1, ïîëó÷èì ~v3 =

 2
−2
1

� ñîáñòâåííûé âåêòîð, îòâå÷àþùèé

ñîáñòâåííîìó çíà÷åíèþ λ3 = 6.
Hopìèðóÿ ïîëó÷åííóþ ñèñòåìó ïîïàðíî îðòîãîíàëüíûõ âåêòîðîâ, ïîëó÷àåì

~e′1 =
1

3

 2
1
−2

 ; ~e′2 =
1

3

 1
2
2

 ; ~e′3 =
1

3

 2
−2
1


Ñîñòàâèì èç ñòîëáöîâ�âåêòîðîâ îðòîíîðìèðîâàííîãî áàçèñà ~e′1, ~e′2, ~e′3

ìàòðèöó îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ

P =
1

3

 2 1 2
1 2 −2
−2 2 1


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êîòîðîé ñîîòâåòñòâóåò ëèíåéíàÿ çàìåíà ïåðåìåííûõ x
y
z

 = P ·

 x′

y′

z′

 =
1

3

 2x′ + y′ + 2z′

x′ + 2y′ − 2z′

−2x′ + 2y′ + z′


Áàçèñ ~e′1, ~e′2, ~e′3 � îðòîíîðìèðîâàííûé; det P = +1� ïðàâèëüíî îðèåíòèðîâàííûé
(ïðàâàÿ òðîéêà).

Èòàê, êàíîíè÷åñêèé âèä êâàäðàòè÷íîé ôîðìû

2x2 + 5y2 + 2z2 − 4xy + 8xz + 4yz = −3x′
2
+ 6y′

2
+ 6z′

2
.

Ïîäñòàâëÿÿ â óðàâíåíèå ïîâåðõíîñòè

x =
1

3
(2x′ + y′ + 2z′), y =

1

3
(x′ + 2y′ − 2z′), z =

1

3
(−2x′ + 2y′ + z′),

ïîëó÷àåì

−3x′
2
+6y′

2
+6z′

2
+6(2x′+y′+2z′)+12(x′+2y′−2z′)+12(−2x′+2y′+z′)+

243

2
=

= −3x′
2
+ 6y′

2
+ 6z′

2
+ 54y′ +

243

2
= 0,

âûäåëÿåì ïîëíûé êâàäðàò:

−3x′
2
+ 6

(
y′ +

9

2

)2

+ 6z′
2

= 0,

äåëàåì ïàðàëëåëüíûé ïåðåíîñ íà÷àëà êîîðäèíàò

x′ = X, y′ +
9

2
= Y, z′ = Z.

Èìååì êàíîíè÷åñêîå óðàâíåíèå ïîâåðõíîñòè: −X2

2
+ Y 2

1
+ Z2

1
= 0.

Ýòî óðàâíåíèå êîíóñà. Ñòðîèì åãî ìåòîäîì ñå÷åíèé.
Â ïëîñêîñòè X = 0 Y 2 + Z2 = 0, ïîëó÷àåì òî÷êó (X = 0, Y = 0, Z = 0).
Â ïëîñêîñòÿõ X = c Y 2 + Z2 = c2/2 � îêðóæíîñòè.
Â ïëîñêîñòè Y = 0 Z2 = X2/2 =⇒ Z = ±X/

√
2� ýòî äâå ïåðåñåêàþùèåñÿ

ïðÿìûå, ïðîõîäÿùèå ÷åðåç òî÷êó (X = 0, Y = 0, Z = 0).
Â ïëîñêîñòè Z = 0 Y 2 = X2/2 =⇒ Y = ±X/

√
2� ýòî äâå ïåðåñåêàþùèåñÿ

ïðÿìûå, ïðîõîäÿùèå ÷åðåç òî÷êó (X = 0, Y = 0, Z = 0).

Ïðèìåð 8. Ïðèâåñòè óðàâíåíèå ïîâåðõíîñòè îðòîãîíàëüíûì ïðåîáðàçîâàíèåì
ê êàíîíè÷åñêîìó âèäó. Óêàçàòü ïðåîáðàçîâàíèå ïåðåõîäà îò èñõîäíîé äåêàðòîâîé
ñèñòåìû êîîðäèíàò Oxyz ê íîâîé ñèñòåìå êîîðäèíàò Ox′y′z′. Ïîñòðîèòü
ïîâåðõíîñòü â ñèñòåìå êîîðäèíàò Ox′y′z′.

x2 − 8y2 + z2 + 2xz + 4
√

2 · x− 4
√

2 · z = 0

Ðåøåíèå. Êâàäðàòè÷íàÿ ôîðìà äàííîé ïîâåðõíîñòè èìååò âèä
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f(x, y, z) = x2 − 8y2 + z2 + 2xz.
E�e ìàòðèöà

A =

 1 0 1
0 −8 0
1 0 1


Çàïèøåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå ìàòðèöû A:∣∣∣∣∣∣

1− λ 0 1
0 −8− λ 0
1 0 1− λ

∣∣∣∣∣∣ = −λ(λ + 8)(λ− 2) = 0.

Åãî êîðíè λ1 = −8, λ2 = 0, λ3 = 2. Íàõîäèì ñîáñòâåííûå âåêòîðû,
îòâå÷àþùèå ñîáñòâåííûì çíà÷åíèÿì λ1 = −8, λ2 = 0, λ3 = 2, èç óðàâíåíèÿ
(A− λE)~x = ~0.
Ïðè λ1 = −8 9 0 1

0 0 0
1 0 9

 ·

 x1

x2

x3

 =

 0
0
0

 =⇒

 9x1 + x3 = 0
0 = 0

x1 + 9x3 = 0

Ëåãêî âèäåòü, ÷òî x1 = x3 = 0, a x2 � ëþáîå ÷èñëî. Ñîáñòâåííîìó çíà÷åíèþ

λ1 = −8 îòâå÷àåò ñîáñòâåííûé âåêòîð ~v1 =

 0
1
0

.

Ïðè λ2 = 0 1 0 1
0 −8 0
1 0 1

 ·

 x1

x2

x3

 =

 0
0
0

 =⇒

 x1 + x3 = 0
−8x2 = 0

x1 + x3 = 0

Ëåãêî âèäåòü, ÷òî x2 = 0, x1 = −x3, è ñîáñòâåííîìó çíà÷åíèþ λ2 = 0

îòâå÷àåò ñîáñòâåííûé âåêòîð ~v2 =

 1
0
−1

.

Ïðè λ3 = 2 −1 0 1
0 −10 0
1 0 −1

 ·

 x1

x2

x3

 =

 0
0
0

 =⇒

 −x1 + x3 = 0
−10x2 = 0

x1 − x3 = 0

Äåéñòâóåì àíàëîãè÷íî. Òîãäà x2 = 0, x1 = x3, è ñîáñòâåííîìó çíà÷åíèþ

λ3 = 2 îòâå÷àåò ñîáñòâåííûé âåêòîð ~v3 =

 1
0
1

.

Òàê êàê ñîáñòâåííûå ÷èñëà ðàçëè÷íû, òî îòâå÷àþùèå èì ñîáñòâåííûå
âåêòîðû ïîïàðíî îðòîãîíàëüíû. Íîðìèðóÿ ýòó ñèñòåìó âåêòîðîâ, ïîëó÷àåì:

~e′1 =

 0
1
0

 ; ~e′2 =
1√
2

 1
0
−1

 ; ~e′3 =
1√
2

 1
0
1


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Ñîñòàâèì èç ñòîëáöîâ�âåêòîðîâ îðòîíîðìèðîâàííîãî áàçèñà ~e′1, ~e′2, ~e′3
ìàòðèöó îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ

P =
1√
2

 0 1 1√
2 0 0

0 −1 1


Çäåñü det P = −1, ò. e. òðîéêà âåêòîðîâ ~e′1, ~e′2, ~e′3 � íåïðàâèëüíî îðèåíòèðîâàííàÿ
(ëåâàÿ). Ýòîìó ïðåîáðàçîâàíèþ ñîîòâåòñòâóåò ëèíåéíàÿ çàìåíà ïåðåìåííûõ x

y
z

 =
1√
2

 0 1 1√
2 0 0

0 −1 1

 ·

 x′

y′

z′


Êàíîíè÷åñêèé âèä êâàäðàòè÷íîé ôîðìû

x2 − 8y2 + z2 + 2xz = −8x′2 + 2z′2.
Ïîäñòàâëÿÿ â óðàâíåíèå ïîâåðõíîñòè

x =
1√
2
(y′ + z′), y = x′, z =

1√
2
(−y′ + z′),

ïîëó÷àåì

−8x′
2
+ 2z′

2
+ 4(y′ + z′)− 4(−y′ + z′) = −8x′

2
+ 2z′

2
+ 8y′ = 0,

èëè
x′2

1
−z′2

4
= y′ − êàíîíè÷åñêîå óðàâíåíèå ãèïåðáîëè÷åñêîãî ïàðàáîëîèäà.

Ñòðîèì åãî ìåòîäîì ñå÷åíèé.
Â ïëîñêîñòè x′ = 0 êðèâàÿ z′2 = −4y′ � ïàðàáîëà.
Â ïëîñêîñòè y′ = 0 áóäåò z′ = ±2x′ � äâå ïåðåñåêàþùèåñÿ ïðÿìûå, ïðîõîäÿùèå
÷åðåç òî÷êó (x′ = 0, y′ = 0, z′ = 0).
Â ïëîñêîñòÿõ y′ = c áóäåò x′2 − z′2/4 = c � ãèïåðáîëû.
Â ïëîñêîñòè z′ = 0 êðèâàÿ x′2 = y′ � ïàðàáîëà.
Â ïëîñêîñòÿõ z′ = c êðèâûå x′2 = y′ + c2/4 � òîæå ïàðàáîëû.

Ïðèìåð 9. Ïðèâåñòè óðàâíåíèå ïîâåðõíîñòè îðòîãîíàëüíûì ïðåîáðàçîâàíèåì
ê êàíîíè÷åñêîìó âèäó. Óêàçàòü ïðåîáðàçîâàíèå ïåðåõîäà îò èñõîäíîé äåêàðòîâîé
ñèñòåìû êîîðäèíàò Oxyz ê íîâîé ñèñòåìå êîîðäèíàò Ox′y′z′. Ïîñòðîèòü
ïîâåðõíîñòü â ñèñòåìå êîîðäèíàò Ox′y′z′.

2x2 + 2y2 + 5z2 + 4xy + 2xz + 2yz + 2x + 2y + 4z − 5 = 0

Ðåøåíèå. Êâàäðàòè÷íàÿ ôîðìà äàííîé ïîâåðõíîñòè èìååò âèä
f(x, y, z) = 2x2 + 2y2 + 5z2 + 4xy + 2xz + 2yz.

E�e ìàòðèöà

A =

 2 2 1
2 2 1
1 1 5


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Çàïèøåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå ìàòðèöû A:

A =

∣∣∣∣∣∣
2− λ 2 1

2 2− λ 1
1 1 5− λ

∣∣∣∣∣∣ = −λ3 + 9λ2 − 18λ = 0.

Åãî êîðíè λ1 = 0, λ2 = 3, λ3 = 6.
Íàõîäèì ñîáñòâåííûå âåêòîðû, îòâå÷àþùèå ñîáñòâåííûì çíà÷åíèÿì λ1 =

0, λ2 = 3, λ3 = 6, èç óðàâíåíèÿ (A− λE)~x = ~0.
Ïðè λ1 = 0 2 2 1

2 2 1
1 1 5

  x1

x2

x3

 =

 0
0
0

 =⇒

 2x1 + 2x2 + x3 = 0
2x1 + 2x2 + x3 = 0
x1 + x2 + 5x3 = 0

=⇒ x1 = −x2

x3 = 0

Ñîáñòâåííîìó çíà÷åíèþ λ1 = 0 îòâå÷àåò ñîáñòâåííûé âåêòîð ~v1 =

 1
−1
0

.

Ïðè λ2 = 3 −1 2 1
2 −1 1
1 1 2

  x1

x2

x3

 =

 0
0
0

 =⇒

 −x1 + 2x2 + x3 = 0
2x1 − x2 + x3 = 0
x1 + x2 + 2x3 = 0

=⇒ x1 = x2 = −x3.

Ñîáñòâåííîìó çíà÷åíèþ λ2 = 3 îòâå÷àåò ñîáñòâåííûé âåêòîð ~v2 =

 1
1
−1

.

Ïðè λ3 = 6 −4 2 1
2 −4 1
1 1 −1

  x1

x2

x3

 =

 0
0
0

 =⇒

 −4x1 + 2x2 + x3 = 0
2x1 − 4x2 + x3 = 0

x1 + x2 − x3 = 0
=⇒ x1 = x2

x3 = 2x1

Ñîáñòâåííîìó çíà÷åíèþ λ3 = 6 îòâå÷àåò ñîáñòâåííûé âåêòîð ~v3 =

 1
1
2

.

Òàê êàê ñîáñòâåííûå ÷èñëà ðàçëè÷íû, òî îòâå÷àþùèå èì ñîáñòâåííûå
âåêòîðû ïîïàðíî îðòîãîíàëüíû. Íîðìèðóÿ ýòó ñèñòåìó âåêòîðîâ, ïîëó÷àåì:

~e′1 =
1√
2

 1
−1
0

 ; ~e′2 =
1√
3

 1
1
−1

 ; ~e′3 =
1√
6

 1
1
2


Ñîñòàâèì èç ñòîëáöîâ�âåêòîðîâ îðòîíîðìèðîâàííîãî áàçèñà ~e′1, ~e′2, ~e′3

ìàòðèöó îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ

P =

 1/
√

2 1/
√

3 1/
√

6

−1/
√

2 1/
√

3 1/
√

6

0 −1/
√

3 2/
√

6


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Çäåñü det P = +1, è ~e′1, ~e′2, ~e′3 � ïðàâàÿ òðîéêà âåêòîðîâ. Ýòîìó ïðåîáðàçîâàíèþ
ñîîòâåòñòâóåò ëèíåéíàÿ çàìåíà ïåðåìåííûõ x

y
z

 = P ·

 x′

y′

z′

 =

 1/
√

2 1/
√

3 1/
√

6

−1/
√

2 1/
√

3 1/
√

6

0 −1/
√

3 2/
√

6

 ·

 x′

y′

z′


Êàíîíè÷åñêèé âèä êâàäðàòè÷íîé ôîðìû

2x2 + 2y2 + 5z2 + 4xy + 2xz + 2yz = 3y′
2
+ 6z′

2
.

Ïîäñòàâëÿÿ â óðàâíåíèå ïîâåðõíîñòè

x =
x′√
2

+
y′√
3

+
z′√
6
, y = − x′√

2
+

y′√
3

+
z′√
6
, z = − y′√

3
+

2z′√
6
,

ïîëó÷àåì

3y′
2
+ 6z′

2
+ 2

√
6 · z′ − 5 = 3y′

2
+ 6

(
z′ +

1√
6

)2

− 6 = 0,

èëè
y′2

2
+

(
z′ + 1√

6

)2

1
= 1 − óðàâíåíèå ýëëèïòè÷åñêîãî öèëèíäðà

ñ íàïðàâëÿþùåé, ÿâëÿþùåéñÿ ýëëèïñîì y′2

2
+

(
z′ + 1√

6

)2

= 1, è îáðàçóþùèìè,

ïàðàëëåëüíûìè îñè Ox′.
ÇÀÄÀ×È ÄËß ÑÀÌÎÑÒÎßÒÅËÜÍÎÉ ÐÀÁÎÒÛ

Ïðèâåñòè óðàâíåíèå êðèâîé îðòîãîíàëüíûì ïðåîáðàçîâàíèåì ê êàíîíè÷åñêîìó
âèäó. Óêàçàòü ïðåîáðàçîâàíèÿ. Ïîñòðîèòü êðèâóþ è âñå èñïîëüçóåìûå ñèñòåìû
êîîðäèíàò.

1.
28x2 + 12y2 − 12xy − 16

√
10 · x + 12

√
10 · y + 10 = 0

2.
14x2 − 4y2 + 24xy + 12

√
5 · x + 16

√
5 · y − 10 = 0

3.
7x2 − 2y2 + 12xy + 30

√
5 · x + 60

√
5 · y − 55 = 0

4.
9x2 + 4y2 − 12xy − 20

√
13 · x + 22

√
13 · y = 0

5.
−16x2 + 24xy − 9y2 + 70x + 10y − 125 = 0

Ïðèâåñòè óðàâíåíèå ïîâåðõíîñòè îðòîãîíàëüíûì ïðåîáðàçîâàíèåì ê
êàíîíè÷åñêîìó âèäó. Óêàçàòü ïðåîáðàçîâàíèÿ. Ïîñòðîèòü ïîâåðõíîñòü â
ñèñòåìå êîîðäèíàò O′XY Z.
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6.
x2 + 2y2 + 3z2 − 4xy − 4yz + 24y − 6z − 47 = 0

7.
x2 + 2y2 + 2z2 + 6yz − 4x + 2

√
2 · y − 2

√
2 · z + 25 = 0

8.
10x2 + 10y2 + 10z2 + 6xz + 8yz + 60z = 0

9.
2x2 + 2y2 + 2z2 + 4xy + 9

√
2 · x + 7

√
2 · y − 4z + 10 = 0

Oòâåòû
1. λ1 = 10, λ2 = 30

P =
1√
10

(
1 −3
3 1

)
(x′ + 1)2

3
+

(y′ + 1)2

1
= 1 − ýëëèïñ.

2. λ1 = −10, λ2 = 20

P =
1√
5

(
1 2
−2 1

)
− (x′ + 1)2

2
+

(y′ + 1)2

1
= 1 − ãèïåðáîëà.

3. λ1 = −5, λ2 = 10

P =
1√
5

(
1 2
−2 1

)
(x′ + 9)2

2
− (y′ + 6)2

1
= −1 − ãèïåðáîëà.

4. λ1 = 0, λ2 = 13

P =
1√
13

(
2 −3
3 2

)
(y′ + 4)2 = −2(x′ − 8) − ïàðàáîëà.

5. λ1 = −25, λ2 = 0

P =
1

5

(
4 3
−3 4

)
(x′ − 1)2 = 2(y′ − 2) − ïàðàáîëà.

6. λ1 = −1, λ2 = 2, λ3 = 5

P =
1

3

 2 −2 1
2 1 −2
1 2 2

 −(x′ − 7)2

20
+

(y′ + 1)2

10
+

(z′ − 2)2

4
= 1− îäíîïîëîñòíûé

ãèïåðáîëîèä.

7. λ1 = −1, λ2 = 1, λ3 = 5

P =
1√
2

 0
√

2 0
−1 0 1
1 0 1

 −(x′ + 2)2

25
+

(y′ − 2)2

25
+

z′2

5
= −1− äâóïîëîñòíûé

ãèïåðáîëîèä.
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8. λ1 = 5, λ2 = 10, λ3 = 15

P =
1

10

 3
√

2 −8 3
√

2

4
√

2 6 4
√

2

−5
√

2 0 5
√

2

 (x′ − 3
√

2)2

24
+

y′2

12
+

(z′ +
√

2)2

8
= 1− ýëëèïñîèä.

9. λ1 = 0, λ2 = 2, λ3 = 4

P =
1√
2

 −1 0 1
1 0 1

0
√

2 0

 (y′−1)2+2(z′+2)2 = (x′+4) − ýëëèïòè÷åñêèé
ïàðàáîëîèä.
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ÏÐÈÂÅÄÅÍÈÅ ÊÂÀÄÐÀÒÈ×ÍÎÉ ÔÎÐÌÛ Ê
ÊÀÍÎÍÈ×ÅÑÊÎÌÓ ÂÈÄÓ METOÄÎÌ ËÀÃÐÀÍÆÀ

Êàê ìû âèäåëè, äëÿ íàõîæäåíèÿ îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ, ïðèâîäÿùåãî
êâàäðàòè÷íóþ ôîðìó ê êàíîíè÷åñêîìó âèäó, òðåáóåòñÿ íàõîäèòü êîðíè
õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà χ(λ) = det(A−λE). Ýòî íå âñåãäà óäà�åòñÿ
ñäåëàòü, åñëè ñòåïåíü ìíîãî÷ëåíà (ðàâíàÿ ðàçìåðíîñòè ïðîñòðàíñòâà) áîëüøå
äâóõ.

Îäíàêî, åñëè ïåðåä íàìè ñòîèò çàäà÷à ïðèâåñòè êâàäðàòè÷íóþ ôîðìó ê
êàíîíè÷åñêîìó âèäó â êàêîì-íèáóäü, íå îáÿçàòåëüíî îðòîíîðìèðîâàííîì
áàçèñå, òî å�å ìîæíî ðåøèòü áîëåå ïðîñòûì ñïîñîáîì, ÷åì îðòîãîíàëüíûå
ïðåîáðàçîâàíèÿ � ìåòîäîì Ëàãðàíæà.

Ìåòîä Ëàãðàíæà ñîñòîèò â ïîñëåäîâàòåëüíîì âûäåëåíèè ïîëíûõ êâàäðàòîâ
èç êâàäðàòè÷íîé ôîðìû. Ïðè ýòîì ìàòðèöà ïåðåõîäà ê íîâûì ïåðåìåííûì
ìîæåò îêàçàòüñÿ íå îðòîãîíàëüíîé, ò. e. íîâûå ïåðåìåííûå ÿâëÿþòñÿ êîîðäèíàòàìè
âåêòîðà ïðè ðàçëîæåíèè ïî êîñîóãîëüíîìó áàçèñó. Ïîÿñíèì ìåòîä Ëàãðàíæà
íà ïðèìåðå.

Ïðèìåð 10. Ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó èç ïðèìåðà 2:

f(x1, x2, x3) = 3x2
1 + 2x2

2 + x2
3 + 4x1x2 − 4x2x3.

Ïîñêîëüêó â íåé ïðèñóòñòâóåò ÷ëåí 3x2
1, ìû ìîæåì âûäåëèòü ïîëíûé

êâàäðàò ïî x1. Äëÿ ýòîãî ñîáåð�åì âñå ñëàãàåìûå, ñîäåðæàùèå x1, è äîïîëíèì
äî ïîëíîãî êâàäðàòà:

f(x1, x2, x3) = 3

(
x2

1 +
4

3
x1x2 +

4

9
x2

2

)
− 4

3
x2

2 + 2x2
2 + x2

3 − 4x2x3 =

= 3

(
x1 +

2

3
x2

)2

+
2

3
x2

2 + x2
3 − 4x2x3.

Ñîáåð�åì äàëåå âñå ñëàãàåìûå, ñîäåðæàùèå x2, è äîïîëíèì äî ïîëíîãî
êâàäðàòà:

f(x1, x2, x3) = 3

(
x1 +

2

3
x2

)2

+
2

3

(
x2

2 − 6x2x3 + 9x2
3

)
− 6x2

3 + x2
3 =

= 3

(
x1 +

2

3
x2

)2

+
2

3
(x2 − 3x3)

2 − 5x2
3.

Ââåä�åì íîâûå ïåðåìåííûå x1 + 2
3
x2 = z1

x2 − 3x3 = z2

x3 = z3

, òî åñòü

 1 2/3 0
0 1 −3
0 0 1

  x1

x2

x3

 =

 z1

z2

z3

 ,
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è êàíîíè÷åñêèé âèä êâàäðàòè÷íîé ôîðìû f â íîâûõ ïåðåìåííûõ z1, z2, z3

áóäåò f(z1, z2, z3) = 3z2
1 + 2

3
z2
2 − 5z2

3 . Åñëè 1 2/3 0
0 1 −3
0 0 1

  x1

x2

x3

 =

 z1

z2

z3

 , òî

 1 2/3 0
0 1 −3
0 0 1

−1  z1

z2

z3

 =

 x1

x2

x3

 .

Îáðàòíàÿ ìàòðèöà

P =

 1 2/3 0
0 1 −3
0 0 1

−1

=

 1 −2/3 −2
0 1 3
0 0 1


è áóäåò ìàòðèöåé ïåðåõîäà îò îðòîãîíàëüíîãî áàçèñà ~e1, ~e2, ~e3 ê êîñîóãîëüíîìó
áàçèñó

~e′1 =

 1
0
0

 , ~e′2 =

 −2/3
1
0

 , ~e′3 =

 −2
3
1

 ,

â êîòîðîì êâàäðàòè÷íàÿ ôîðìà f èìååò êàíîíè÷åñêèé âèä

f(z1, z2, z3) = 3z2
1 +

2

3
z2
2 − 5z2

3 .

Â ïðèìåðå 2 êâàäðàòè÷íàÿ ôîðìà
f(x1, x2, x3) = 3x2

1 + 2x2
2 + x2

3 + 4x1x2 − 4x2x3

ïðèâîäèëàñü ê äðóãîìó êàíîíè÷åñêîìó âèäó
f(y1, y2, y3) = −y2

1 + 2y2
2 + 5y2

3.
Â ðàçëè÷íûõ âèäàõ äàííîé êâàäðàòè÷íîé ôîðìû îñòà�åòñÿ íåèçìåííûì

íå òîëüêî êîëè÷åñòâî íåíóëåâûõ êîýôôèöèåíòîâ, íî è êîëè÷åñòâî ïîëîæèòåëüíûõ
è îòðèöàòåëüíûõ êîýôôèöèåíòîâ â ñèëó çàêîíà èíåðöèè êâàäðàòè÷íûõ
ôîðì.

Ïðèìåð 11. Äàíà êâàäðàòè÷íàÿ ôîðìà

f(x1, x2, x3) = 2x2
1 + 5x2

2 + 5x2
3 − 2x1x2 + 4x1x3 + 4x2x3.

Â íåé ïðèñóòñòâóåò ÷ëåí 2x2
1, ïîýòîìó ìû ìîæåì âûäåëèòü ïîëíûé êâàäðàò

âèäà
2(a + b + c)2 = 2(a2 + 2ab + 2ac + b2 + 2bc + c2).

Ñîáåð�åì âñå ÷ëåíû, ñîäåðæàùèå x1, è äîïîëíèì äî ïîëíîãî êâàäðàòà,
ïîëàãàÿ a = x1, b = −x2/2, c = x3. Èòàê,

f(x1, x2, x3) = 2

(
x2

1 − 2x1 ·
x2

2
+ 2x1x3 +

x2
2

4
− 2 · x2

2
· x3 + x2

3

)
−

−x2
2

2
+2x2x3−2x2

3+5x2
2+5x2

3+4x2x3 = 2
(
x1 −

x2

2
+ x3

)2

+
9

2
x2

2+6x2x3+3x2
3.
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Â òîé ÷àñòè êâàäðàòè÷íîé ôîðìû, êîòîðàÿ îñòàëàñü ïîñëå âûäåëåíèÿ
2(x1 − x2

2
+ x3)

2, ïðèñóòñòâóåò 9
2
x2

2, ïîýòîìó ìû ìîæåì âûäåëèòü ñíîâà
ïîëíûé êâàäðàò. Èòàê,

f(x1, x2, x3) = 2
(
x1 −

x2

2
+ x3

)2

+
9

2

(
x2

2 + 2 · 2

3
x2x3 +

4

9
x2

3

)
− 2x2

3 + 3x2
3 =

= 2
(
x1 −

x2

2
+ x3

)2

+
9

2

(
x2 +

2

3
x3

)2

+ x2
3.

Ââåä�åì íîâûå ïåðåìåííûå x1 − x2

2
+ x3 = z1

x2 + 2
3
x3 = z2

x3 = z3

, òî åñòü

 z1

z2

z3

 =

 1 −1
2

1
0 1 2

3
0 0 1

  x1

x2

x3

 ,

îòêóäà  x1

x2

x3

 =

 1 −1
2

1
0 1 2

3
0 0 1

−1  z1

z2

z3

 .

Îáðàòíàÿ ìàòðèöà 1 −1
2

1
0 1 2

3
0 0 1

−1

= P =

 1 1
2
−4

3
0 1 −2

3
0 0 1


áóäåò ìàòðèöåé ïåðåõîäà îò áàçèñà ~e1, ~e2, ~e3 ê êîñîóãîëüíîìó áàçèñó

~e′1 =

 1
0
0

 , ~e′2 =

 1/2
1
0

 , ~e′3 =

 −4/3
−2/3

1

 ,

â êîòîðîì êâàäðàòè÷íàÿ ôîðìà f èìååò êàíîíè÷åñêèé âèä

f(z1, z2, z3) = 2z2
1 +

9

2
z2
2 + z2

3 .

Ïðèìåð 12. Äàíà êâàäðàòè÷íàÿ ôîðìà

f(x1, x2, x3) = 2x1x2 − 4x1x3 + 6x2x3.

Çäåñü îòñóòñòâóþò ÷ëåíû ñ x2
1, x

2
2 è x2

3, ïîýòîìó ìåòîä, îïèñàííûé â ïðåäûäóùèõ
ïðèìåðàõ, íå óäà�åòñÿ ïðèìåíèòü ñðàçó, ïðèä�åòñÿ ñäåëàòü íåêîòîðûå ïðåîáðàçîâàíèÿ.

Ëåãêî âèäåòü, ÷òî x1x2 =
(x1

2
+

x2

2

)2

−
(x1

2
− x2

2

)2

.

Ââåä�åì âñïîìîãàòåëüíûå ïåðåìåííûå

t1 = x1

2
+ x2

2
t2 = x1

2
− x2

2

=⇒ x1 = t1 + t2
x2 = t1 − t2
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òîãäà êâàäðàòè÷íàÿ ôîðìà f âûðàçèòñÿ òàêèì îáðàçîì:

f(x1, x2, x3) = 2t21−2t22−4(t1 + t2)x3 +6(t1− t2)x3 = 2t21−2t22 +2t1x3−10t2x3.

Òåïåðü ìîæíî äåéñòâîâàòü ïî ñõåìå, îïèñàííîé â ïðèìåðå 10.

f(x1, x2, x3) = 2t21 − 2t22 + 2t1x3 − 10t2x3 =

= 2

(
t21 + t1x3 +

1

4
x2

3

)
− 1

2
x2

3 − 2

(
t22 + 5t2x3 +

25

4
x2

3

)
+

25

2
x2

3 =

= 2

(
t1 +

1

2
x3

)2

− 2

(
t2 +

5

2
x3

)2

+ 12x2
3.

Ââåä�åì íîâûå ïåðåìåííûå

 t1 + 1
2
x3 = z1

t2 + 5
2
x3 = z2

x3 = z3

,

òî åñòü

 z1

z2

z3

 =

 1 0 1/2
0 1 5/2
0 0 1

  t1
t2
x3

 =

 1/2 1/2 1/2
1/2 −1/2 5/2
0 0 1

  x1

x2

x3

 ,

è êàíîíè÷åñêèé âèä êâàäðàòè÷íîé ôîðìû f â íîâûõ ïåðåìåííûõ z1, z2, z3

áóäåò f(z1, z2, z3) = 2z2
1 − 2z2

2 + 12z2
3 .

Åñëè

 z1

z2

z3

 =

 1/2 1/2 1/2
1/2 −1/2 5/2
0 0 1

  x1

x2

x3

 ,

òî

 x1

x2

x3

 =

 1/2 1/2 1/2
1/2 −1/2 5/2
0 0 1

−1  z1

z2

z3

 ,

è îáðàòíàÿ ìàòðèöà

P =

 1/2 1/2 1/2
1/2 −1/2 5/2
0 0 1

−1

=

 1 1 −3
1 −1 2
0 0 1


áóäåò ìàòðèöåé ïåðåõîäà îò áàçèñà ~e1, ~e2, ~e3 ê êîñîóãîëüíîìó áàçèñó

~e′1 =

 1
1
0

 , ~e′2 =

 1
−1
0

 , ~e′3 =

 −3
2
1

 ,

â êîòîðîì êâàäðàòè÷íàÿ ôîðìà f èìååò êàíîíè÷åñêèé âèä:

f(z1, z2, z3) = 2z2
1 − 2z2

2 + 12z2
3 .

Ïðèìåð 13. Êâàäðàòè÷íàÿ ôîðìà

f(x1, x2, x3) = 2x2
1 + 3x2

2 + x2
3 + 4x1x2 + 2x1x3 + 2x2x3
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ñ ìàòðèöåé A =

 2 2 1
2 3 1
1 1 1

 ïîëîæèòåëüíî îïðåäåëåíà, òàê êàê ∆1 = 2 >

0, ∆2 =

∣∣∣∣ 2 2
2 3

∣∣∣∣ = 2 > 0, ∆3 =

∣∣∣∣∣∣
2 2 1
2 3 1
1 1 1

∣∣∣∣∣∣ = 1 > 0.

Ïðèìåð 14. Êâàäðàòè÷íàÿ ôîðìà

f(x1, x2, x3) = −2x2
1 − x2

2 − 14x2
3 + 2x1x2 + 2x1x3 + 4x2x3

ñ ìàòðèöåé A =

 −2 1 1
1 −1 2
1 2 −14

 îòðèöàòåëüíî îïðåäåëåíà, òàê êàê

∆1 = −2 < 0, ∆2 = 1 > 0, ∆3 = −1 < 0.

Ïðèìåð 15. Êâàäðàòè÷íàÿ ôîðìà

f(x1, x2, x3) = x2
1 − x2

3 + 2x1x2 − 2x2x3

ñ ìàòðèöåé A =

 1 1 0
1 0 −1
0 −1 −1

 ÿâëÿåòñÿ çíàêîïåðåìåííîé, òàê êàê ∆2 =

−1 < 0. Äåéñòâèòåëüíî, âûäåëèâ ïîëíûå êâàäðàòû, ïîëó÷èì
f(x1, x2, x3) = (x1 + x2)

2 − (x2 + x3)
2.
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ÇÍÀÊÎÎÏÐÅÄÅË�ÅÍÍÎÑÒÜ ÊÂÀÄÐÀÒÈ×ÍÛÕ ÔÎÐÌ

Êâàäðàòè÷íûå ôîðìû ïîäðàçäåëÿþò íà ðàçëè÷íûå òèïû.

Îïðåäåëåíèå 3. Êâàäðàòè÷íóþ ôîðìó f(~x) = ~xT A~x, ãäå ~x = (x1, ...xn)T ,
áóäåì íàçûâàòü
à) ïîëîæèòåëüíî (îòðèöàòåëüíî) îïðåäåë�åííîé, åñëè äëÿ ëþáîãî íåíóëåâîãî
ñòîëáöà ~x = (x1, ...xn)T âûïîëíÿåòñÿ íåðàâåíñòâî f(~x) > 0 (f(~x) < 0);
á) íåîòðèöàòåëüíî (íåïîëîæèòåëüíî) îïðåäåë�åííîé, åñëè äëÿ ëþáîãî íåíóëåâîãî
ñòîëáöà ~x = (x1, ...xn)T âûïîëíÿåòñÿ íåðàâåíñòâî f(~x) ≥ 0 (f(~x) ≤ 0);
â) çíàêîïåðåìåííîé (íåîïðåäåë�åííîé), åñëè ñóùåñòâóþò òàêèå ñòîëáöû ~x
è ~y, ÷òî f(~x) > 0 è f(~y) < 0.
ã) âûðîæäåííîé, åñëè ñóùåñòâóåò íåíóëåâîé ñòîëáåö ~x, äëÿ êîòîðîãî f(~x) =
0.

Ïðåäñòàâèâ êâàäðàòè÷íóþ ôîðìó f â êàíîíè÷åñêîì âèäå, ïîëó÷àåì
êðèòåðèè äëÿ òèïà êâàäðàòè÷íîé ôîðìû â çàâèñèìîñòè îò ñîáñòâåííûõ
çíà÷åíèé å�å ìàòðèöû.

1) Âñå ñîáñòâåííûå çíà÷åíèÿ λi > 0, i = 1, n, òîãäà f � ïîëîæèòåëüíî
îïðåäåë�åííàÿ.

2) Âñå ñîáñòâåííûå çíà÷åíèÿ λi < 0, i = 1, n, òîãäà f � îòðèöàòåëüíî
îïðåäåë�åííàÿ.

3) Ñîáñòâåííûå çíà÷åíèÿ èìåþò ðàçíûå çíàêè: λi > 0, i = 1, k, λj < 0,
j = k + 1, k + m, òîãäà f � çíàêîïåðåìåííàÿ.

4) Åñòü íóëåâîå ñîáñòâåííîå çíà÷åíèå λi = 0, òîãäà f � âûðîæäåííàÿ.
Èòàê, íàéäÿ âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöûA êâàäðàòè÷íîé ôîðìû

f(~x), ìîæíî óñòàíîâèòü òèï êâàäðàòè÷íîé ôîðìû. Íî ýòî ìîæíî ñäåëàòü
è íå âû÷èñëÿÿ ñîáñòâåííûõ çíà÷åíèé ìàòðèöû A. Ïóñòü êâàäðàòè÷íàÿ
ôîðìà ïðåäñòàâëåíà â âèäå f = ~xT A~x, ãäå

A =


a11 . . . a1n

a21 . . . a2n

. . . . . . . . .
an1 . . . ann

 .

Ãëàâíûå óãëîâûå ìèíîðû ýòîé ìàòðèöû

∆1 = a11; ∆2 =

∣∣∣∣ a11 a12

a21 a22

∣∣∣∣ ; ∆n =

∣∣∣∣∣∣∣∣
a11 . . . a1n

a21 . . . a2n

. . . . . . . . .
an1 . . . ann

∣∣∣∣∣∣∣∣ .

Êðèòåðèé Ñèëüâåñòðà. Êâàäðàòè÷íàÿ ôîðìà f(~x) = ~xT A~x ïîëîæèòåëüíî
îïðåäåëåíà òîãäà è òîëüêî òîãäà, êîãäà ∆1 > 0, ∆2 > 0,..., ∆n > 0 (âñå
ãëàâíûå ìèíîðû ïîëîæèòåëüíû).

Êâàäðàòè÷íàÿ ôîðìà f(~x) = ~xT A~x îòðèöàòåëüíî îïðåäåëåíà òîãäà è
òîëüêî òîãäà, êîãäà ∆1 < 0, ∆2 > 0, ∆3 < 0, ∆4 > 0,..., (−1)n∆n > 0 (çíàêè
ãëàâíûõ ìèíîðîâ ÷åðåäóþòñÿ, íà÷èíàÿ ñ ìèíóñà).
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Åñëè ó íåâûðîæäåííîé êâàäðàòè÷íîé ôîðìû íàéä�åòñÿ ãëàâíûé ìèíîð,
ðàâíûé íóëþ; ëèáî ãëàâíûé ìèíîð ÷�åòíîãî ïîðÿäêà îòðèöàòåëåí; ëèáî
åñòü äâà ãëàâíûõ ìèíîðà íå÷�åòíîãî ïîðÿäêà ñ ðàçíûìè çíàêàìè; òî â ýòèõ
ñëó÷àÿõ êâàäðàòè÷íàÿ ôîðìà çíàêîïåðåìåííà.

Êâàäðàòè÷íàÿ ôîðìà f(~x) = ~xT A~x îïðåäåëÿåòñÿ íåâûðîæäåííîé ñèììåòðè÷åñêîé
ìàòðèöåéA, ïîýòîìó ñèììåòðè÷åñêàÿ ìàòðèöàA áóäåò ïîëîæèòåëüíî îïðåäåëåíà
(A > 0), åñëè âñå å�å ãëàâíûå ìèíîðû ïîëîæèòåëüíû, ñîîòâåòñòâåííî A
áóäåò îòðèöàòåëüíî îïðåäåëåíà, åñëè çíàêè å�å ãëàâíûõ ìèíîðîâ ÷åðåäóþòñÿ,
íà÷èíàÿ ñ ìèíóñà.

ÇÀÄÀ×È ÄËß ÑÀÌÎÑÒÎßÒÅËÜÍÎÉ ÐÀÁÎÒÛ

Ïðèâåñòè êâàäðàòè÷íóþ ôîðìó ê êàíîíè÷åñêîìó âèäó ìåòîäîì Ëàãðàíæà
è îïðåäåëèòü å�å òèï (ïîëîæèòåëüíî îïðåäåë�åííàÿ, îòðèöàòåëüíî îïðåäåë�åííàÿ,
çíàêîïåðåìåííàÿ). Ïðîâåðèòü ðåçóëüòàò, íàéäÿ ñîáñòâåííûå ÷èñëà è îöåíèâ
ãëàâíûå ìèíîðû ìàòðèöû êâàäðàòè÷íîé ôîðìû.

1. f(x1, x2, x3) = 7x2
1 + 5x2

2 + 6x2
3 − 4x1x3 − 4x2x3

2. f(x1, x2, x3) = 4x1x2 + 4x1x3 − 2x2x3

3. f(x1, x2) = −2x2
1 + 2x1x2 − x2

2

Îòâåòû

1. f(x1, x2, x3) = 7
(
x1 − 2

7
x3

)2
+ 5

(
x2 − 2

5
x3

)2
+ 162

35
x2

3;
λ1 = 3, λ2 = 6, λ3 = 9; ∆1 > 0, ∆2 > 0, ∆3 > 0;
ïîëîæèòåëüíî îïðåäåë�åííàÿ.

2. f(x1, x2, x3) =
(
x1 + x2 + x3

2

)2 −
(
x1 − x2 − 3

2
x3

)2
+ 2x2

3;
λ1 = −1−

√
33

2
, λ2 = 1, λ3 = −1+

√
33

2
;∆1 = 0,∆2 < 0,∆3 < 0; çíàêîïåðåìåííàÿ.

3. f(x1, x2) = −x2
1 − (x2 − x1)

2;
λ1 = −3

2
−
√

5
2
, λ2 = −3

2
+
√

5
2
; ∆1 < 0, ∆2 > 0; îòðèöàòåëüíî îïðåäåë�åííàÿ.
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